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Feynman path-integral for the damped Caldirola-Kanai action
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We propose a local Feynman path-integral representation for the damped Caldirola-Kanai action.
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An interesting problem in dissipative quantum mechan
@1,2# is to find a local Feynman path integral for the classi
system of a free eletron in a medium with a frictional dr
proportional to velocity. In this paper we propose a form
path integral to the phenomenological Caldirola-Kanai act
by following the original heuristic Feynman procedure@2# to
quantize classical systems by means of a suitable sum
paths.

Let us start our analysis by considering the loc
Caldirola-Kanai classical action@1# of a one-dimensiona
free eletron of massm moving on a medium with a frictiona
drag proportional to its velocity and with a positive viscos
~temperature-dependent! coefficientn:

Ln„x~s!; ẋ~s!…5E
t8

t

ds exp~ns!S 1

2
mẋ2~s! D . ~1!

In order to write a Feynman path-integral representat
for the Feynman quantum-mechanical propagator assoc
to the Lagrangian Eq.~1!, we follow Feynman by postulating
the asymptotic Green function connecting the wave functi
for infinitesimally different timestk112tk5e5(t2t8)/N

→
N→` 0

c~xk11 ;tk11!5E
2`

1`

dxk G̃„~xk11 ,tk11!;~xk ,tk!…c~xk ;tk!,

~2!

where the asymptotic Green function used to define
short-time propagation is determined by the classical act
Eq. ~1!, with suitable prefactors:

G̃„~xk11 ,tk11!;~xk ,tk!…e→0

;A~ tk11 ,tk!expH i

\

1

2
mexp@n~atk111btk!#

3F ~xk112xk!
2

e2 GeJ . ~3!

Note that in order to analyze anomalous prefactors in
Feynman path integral for dissipative systems@2#, we have
introduced in the Eq.~1! the weighted rulea1b51 in order
to discretize the Caldirola-Kanai damping term exp(nt).

From Eq.~2! for e→0, we can determine the prefactor
Eq. ~3! as originally done by Feynman in his heuristic d
scription of the Feynman measure for time-independ
propagators. Note that the origin of the above-mention
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‘‘dissipative anomaly’’ is a consequence of the appeare
of the discretized Caldirola-Kanai term in the expression
this purely quantum object in the Feynman path integ
~propagator prefactor!

A~ tk11 ,tk!5 exp
n

2
~atk111btk!F m

2p i\~ tk112tk!
G1/2

.

~4!

As a consequence of Eqs.~2!–~4!, we can write the Green
function for arbitrary different times as a Feynman path
tegral, as done originally in the first article of Ref.@2#,

G̃„~x,t !;~x8,t8!…

5 lim
N→`

E S )
k51

N21

dxkD exp
n

2F (
k50

N21

aS t81
t2t8

N
~k11! D

1bS t81
t2t8

N
kD G )

k50

N21 S m

2p i\~ tk112tk!
D 1/2

3expH i

\ (
k50

N21
m

2
e expFn2 ~atk111btk!G

3
~xk112xk!

2

e2 J . ~5!

Now we can formally define the limit in Eq.~5! as a well-
defined Feynman measure over paths multiplied by a gen
damping anomaly factor exp@n/4(t2t8)(a2b)#, namely,

en/4~ t2t8!~a2b!DF
„x~s!…

5 lim
N→`

F S )
k51

N21

dxkD S m

2p i\ē~n,t,t8!
D N/2Gen/4~ t2t8!~a2b!.

~6!

Note that the infinitesimal step in the factorized Feynm
measure, Eq.~6!, is explicitly given by the expression below
and is independent of our original weighted time interv
partition rule used for the dissipative term exp(nt) in the
Caldirola-Kanai action:

ē~n,t,t8!5e expF2
n

2
~ t1t8!G5

~ t2t8!

N
expF2

n

2
~ t1t8!G .

~7!

The above written results are a simple consequence of
following evaluations:
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expH n

2F (
k50

N21

$a@ t81e~k11!#1b~ t81ek!%G J
5expH n

2F (
k50

N21

~at8!1 (
k50

N21

@ae~k11!#1 (
k50

N21

~bt8!

1 (
k50

N21

~bek!G J
5expH n

2F ~at8!~N21!1~bt8!~N21!1b~ t2t8!
~N21!

2

1a~ t2t8!
~N11!

2 G J
5expFn2 ~N21!t81~a2b!

~ t2t8!

2

1
a~ t2t8!N

2
1

b~ t2t8!N

2 G
5expFn4 ~a2b!~ t2t8!GexpFn4 ~ t1t8!NG . ~8!

By substituting Eq.~8! into Eq. ~5! we get our above-
displayed Eq.~6!.

The propagator, Eq.~5!, has, thus, the dissipative anoma
found in the second article of Ref.@2# factored out by an
overall anomaly factor whose exact value depends on
rule used to discretize, in Eq.~1!, the term exp(nt) and of the
initial and final time propagation. For the weighted rule
yields the result

G̃„~x,t !;~x8,t8!…

5en/4~ t2t8!~a2b!E
x~ t8!5x8;x~ t !5x

3D F
„x~s!…exp

i

\Et8

t

dsensF1

2
mẋ2~s!G . ~9!

Note that our main result, Eqs.~6!–~9!, differs somewhat
from the similar one, Eq.~2.16! of the second article of Ref
@2#. Another point to stress is the similarity between the e
istence of a dissipative anomaly in the formal path integ
Eq. ~9! and the famous De-Witt anomaly in the curve
space-time propagator. Let us point out the usefulness of
proposed path integral Eq.~9! with the viscosity anomaly
effects factored out by calling attention to the fact that
combined Green function

G~0!
„~x,t !;~x8,t8!…5e2n/4~ t2t8!~a2b!G̃@~x,t !;~x8,t8!#

~10!

now satisfies the usual time dependent Schro¨dinger equation
initial value problem fort and t8 finite times@see Eq.~7!#

i\
]

]t
G~0!

„~x,t !;~x8,t8!…52
\2

2ment

d2

dx2
G~0!

„~x,t !;~x8,t8!….

~11!
e

-
l

ur

e

Here

lim
t→t8

G~0!
„~x,t !;~x8,t8!…5d~x2x8!. ~12!

The claim above is a general consequence of Eq.~6! de-
fining the usual Feynman product measure@3#. At this point,
we remark that by choosing the Feynman middle point r
a5b51/2 in the lattice prescription for the Caldirola-Kan
path-integral propagator, we may suppress the anomal
Eq. ~9! ~see Ref.@4# for similar phenomena in Feynman pa
integrals for curved space-time!.

A simple solution of Eqs.~11!,~12! is easily obtained for
nonzero initial timet8:

G~0!
„~x,t !;~x8,t8!…

5S 4pnmient8

\~12e2n~ t2t8!!
D 1/2

expi
~x2x8!2mnent8

\~12e2n~ t2t8!!
. ~13!

The complete scheme-dependent propagator will, thus
given by the result

G̃~0!
„~x,t !;~x8,t8!…5en/4~ t2t8!~a2b!G~0!

„~x,t !;~x8,t8!….
~14!

It is worth pointing out that fora5b51/2, we have that the
quantum probabilityuG̃(0)

„(x,t);(x8,t8)…u2 does not decay to
zero at the equilibrium limitt→`.

It is important to note that the presence of time-depend
potentials does not modify the above-displayed path-inte
representation

G̃„~x,t !;~x8,t8!…

5en/4~ t2t8!~a2b!E
x~ t8!5x8;x~ t !5x

D F
„x~s!…exp

i

\

3E
t8

t

dsens$ 1
2 mẋ2~s!2V@x~s!,s#%. ~15!

Let us exemplify Eq.~14! by applying it to the case of the
existence of a constant magnetic field perpendicular to
plane containing the particle trajectory@5#

AW ~x,y!52S 1

2
HyD iW1S 1

2
HxD jW. ~16!

Here, the particle vector position is

rW~ t !5x~ t ! iW1y~ t ! jW. ~17!

In this two-dimensional case we have the following stru
ture for the scheme-dependent propagator:

G̃„~rW,t !;~rW8,t8!…5en/2~ t2t8!~a2b!G„~rW,t !;~rW8,t8!… ~18!

with G„(rW,t);(rW8,t)… now satisfying the Schro¨dinger time-
dependent problem in view of our previous results, Eqs.~6!–
~9!:
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i\
]

]t
G„~rW,t !;~rW8,t8!…

52
\2

2mentS ]2

]x2
1

]2

]y2D G„~rW,t !;~rW8,t8!…

1
\eH

2icm
entS y

]

]x
2x

]

]yDG„~rW,t !;~rW8,t8!… ~19!

with

lim
t→t8

G„~rW,t !;~rW8,t8!…5d~2!~rW2rW8!. ~20!

In order to solve exactly Eqs.~19!,~20!, we perform the
following transformation to map the above written Gre
function in a free Green function@6#. Namely,

x5@r~s!cosu~s!#u1@r~s!sinu~s!#v,

y52@r~s!sinu~s!#u1@r~s!cosu~s!#v,

s5 f ~ t !2 f ~0!, ~21!

with

ds

dt
5 f 8~ t !5mentr2~ t !,

u~ t !5
1

2S eH

mcD t,

r~ t !5e2nt/2cosHA1

4F S eH

mcD
2

2n2G tJ ~22!

and under the classical damped condition

S eH

mcD
2

.n2. ~23!
al

h

a-
The Green function, Eqs.~19!,~20!, is, thus, given explic-
itly by

G„~rW,t !;~rW8,t8!…

5eiF [u~ t,x,y!,v~ t,x,y!;s~ t !]
m

2p i\@s~ t !2s~ t8!#

3exp
im

2\@s~ t !2s~ t8!#
$@u~ t,x,y!2u~ t8,x8,y8!#2

1@v~ t,x,y!2v~ t8,x8,y8!#2%

3exp2 iF [u~ t8,x8,y8!,v~ t8,x8,y8!;s~ t8!] . ~24!

Note that in Eq.~24!, we have used the fact that the Jac
bian of the spatial coordinates, Eq.~21!, is unity and the
functionsu(t,x,y) and v(t,x,y) are explicitly given by in-
verting Eq. ~21! and ~22!. The complex phase function
F(u,v,s) is explicitly given by

F~u,v,s!5
1

2
mentH Fr~ t !sin@u~ t !#1

d

dt
$r~ t !sin@u~ t !#%

1r~ t !cos@u~ t !#1
d

dt
r~ t !cos@u~ t !#G@u2~ t,x,y!

1v2~ t,x,y!1 i ln r~ t !#J . ~25!
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